Abstract-This paper presents a discrete sliding-mode control scheme with feedforward compensation for the closed-loop regulation of the pulse-width modulated (PWM) inverter used in an uninterruptible power supply (UPS). The proposed feedforward controller can effectively improve the tracking performance of the PWM inverter. In designing the sliding-mode controller, we have taken load disturbance into consideration to enhance the robustness of the PWM inverter. Moreover, the upper bound of the load disturbance under which the sliding condition can be maintained has also been derived. The sliding curve of the sliding-mode controller is designed such that the behavior of the controlled PWM inverter is optimal subject to the selected cost function. Due to the coordinate transformation proposed in this paper, only the output voltage needs to be measured as feedback for the purpose of closed-loop regulation. Simulation and experimental results are given to show the effectiveness of the proposed control scheme.
I. INTRODUCTION
MONG all power converters, the pulse-width modulated A (PWM) inverter has the most widespread applications in industry, such as power supply, phase-controlled rectifier, and adjustable speed ac servo drives. Besides, the closedloop controlled PWM inverter with LC filters has a special application in uninterruptible power supply (UPS) [I] . The basic function of an UPS is to convert the dc voltage of batteries to sinusoidal ac voltage with specified frequency and amplitude in the case of utility power failure. Fig. 1 shows the functional block diagram of a digital-controlled UPS system used for ac power conditioning. Since the PWM inverter plays an important role in converting the dc voltage source to an ac voltage source, the quality of the output waveform of an UPS is highly dependent on the performance of the PWM inverter.
In order to minimize the total harmonic distortion (THD) of the output voltage of a PWM inverter, the output transformer coupled stepped waveform and the programmed PWM techniques were used to suppress the lower order harmonics [2] , [3] . Though these strategies have good steady state characteristics, they are not suitable for the applications with sudden load change because of the lack of closed-loop regulation. Some closed-loop control schemes with instantaneous feedback using analog techniques were proposed to improve the transient Manuscript received July 18, 1996; revised April 8, 1996 . response caused by load variation at the expense of complicated control circuitry [4] , [5] . With successively improving reliability and performance of microprocessors, digital control techniques have taken over many industrial applications from analog ones in the past decade. The microprocessor-based deadbeat control scheme has been applied to the closed-loop control of PWM inverters [6], [7] . However, the deadbeat strategy has the disadvantage of being sensitive to the parametric variation of the controlled system.
The variable structure system with sliding mode was first proposed in the 1950's. Essentially, the sliding-mode control system utilizes a switching control law to drive the state of the concerned syslem to a predesigned curve (also called the sliding curve) in the phase plane, and then keep the state sliding over there in the subsequence [SI. The slidingmode strategy provides a systematic approach to the problem of maintaining stability and performance in the presence of modeling uncertainty [9] . The most distinguished feature of a sliding-mode control system is its insensitivity to parametric uncertainty and external disturbances. Therefore, the slidingmode control scherne is especially suitable for the closed-loop control of power converting systems under load variation. Many researchers have paid attention to the application of sliding-mode control scheme to power converters through analog techniques [lo] , [ 111. Analog realization of slidingmode controllers may result in higher stress of the switching devices and more complicated hardware. Microprocessorbased software realization can reduce the hardware complexity of the sliding-mode controller. However, since the design philosophy of the analog sliding-mode method cannot be directly extended to discrete-time cases, the sampling action of the microprocessor may bring chattering phenomenon or instability to the analogously designed sliding-mode control system. Therefore. a pure discrete sliding-mode technique will be necessary if a microprocessor is used to realize the corresponding control law. Recently, discrete sliding-mode control (DSMC) has drawn much attention [12]-[15] . The results are quite (different from those of the conventional analog sliding-mode control theory. The switching frequency of the discrete sliding-mode controller is finite. The finitefrequency operation makes the DSMC algorithm suitable for digital realization. 4 DSMC scheme for the regulation of servo systems was proposed by Chan [13] , and its modified version has been applied to the closed-loop regulation of a PWM inverter by Jung and Tzou [ 161. The resultant output waveform in [16] has good transient characteristics as load varies, but the steady-state response is poor. This paper presents a discrete feedforward sliding-mode control (DFSMC) scheme for the closed-loop regulation of the PWM inverter used in an UPS. A feedforward controller is proposed to take care of the steady-state response in additian to the sliding-mode controller. Owing to this added feedforward compensator, the original problem of tracking a sinusoidal reference has been reduced to the problem of regulating all the states to zero. In order to achieve robust performance, the effect of load disturbance has been taken into the design consideration of the proposed sliding-mode control law. Moreover, the sliding curve has also been optimized according to the selected cost function. In the proposed DFSMC scheme, only the output voltage has to be measured as feedback due to the coordinate transformation presented in this paper.
A PWM inverter system based on digital signal processor (DSP TMS320C14) was constructed to verify the proposed DFSMC scheme. This paper is organized as follows: Section I1 describes the dynamic model of the PWM inverter used in an UPS. Section I11 analyzes the proposed DFSMC scheme. Section IV gives an illustrative example and the corresponding experimental results. Section V contains the conclusion. Fig. 2 shows a PWM inverter used in an UPS system together with its output filter and load resistance. The fullld bridge inverter, LC filter, and load are considered as the plant to be controlled. The voltage source vi serves as the dc bank and supplies power to the load through the full-bridge inverter. The current source i d emulates the disturbance incurred by load variation. The resistor r c is the equivalent series resistor (ESR) of the capacitor, while the resistor r~ is the ESR of the inductor. Owing to the existence of the four switching devices, the PWM inverter illustrated in Fig. 2 is a nonlinear system by nature. State-space averaging and linearization technique has been used to model the switching regulators as linear systems, provided that the natural frequency and modulation frequency are sufficiently low with respect to the switching frequency. In our application of UPS, the switching frequency is chosen as tens of kilohertz, which is much higher than the modulation and natural frequencies of the PWM inverter system.
DYNAMIC MODEL OF THE PWM INVERTER

A. Continuous Model of the PWM Inverter
For the ease of design, it is reasonable to assume that the dc bank voltage keeps constant for all time. Following the above assumption and the state-space averaging technique, we can get the small-signal model of the concerned PWM inverter system as 
+ ---
C R + r c i d '
where d denotes the duty ratio of switching. The block diagram representation of the system (1) is shown in Fig. 3 . It provides a more detailed insight into how all the variables relate to each other. In practice, the ESR of the filter capacitor is so small that it has little effect on the mathematical model. If we neglect the ESR of the filter capacitor, the system (1) can be further reduced to the commonly used form as where
B. Discrete Model of the PWM Inverter
Sampling frequency is the first issue in deriving the discrete model of the concerned system. The selection of the best sampling frequency is a compromise between performance and cost. The best choice of sampling rate is the slowest frequency that meets all the essential requirements. The previous research reported that a digital control system will be more sensitive to errors if the sampling frequency is less than twice the dominant resonance of the open loop dynamics [17] . For the PWM inverter used in an UPS, the LC filter at output port forms the dominant resonance of the system. A rule of thumb for choosing the sampling frequency that gives reasonably smooth time response is
where f s is the sarnpling frequency and Once the sampling, rate has been determined, the discrete counterpart of the system ( 2 ) can be obtained as where
and T is the sampling period of the digital controller. Here, we have assumed that the values of U and id are virtually constant during each sampling period. As far as the PWM inverter is concerned, there are still several uncertainties that cannot be well modeled.
1) The real values of capacitance and inductance must be measured at their operating points, but it is nearly impossible in practice. Thus, only the approximated nominal values can be measured.
2 ) The load of ithe PWM inverter is not fixed. There are many types of loads may be connected to the output port of the PWM inverter.
3) The characteristics of the switching devices are not ideal in practice. In order to generate sinusoidal output voltage with low distortion, a poweirful controller must be designed for the closed-loop regulation of the PWM inverter. In this paper, a discrete feedforward sliding-mode control scheme is proposed to enhance the robustness of the PWM inverter suffering from load variation. Fig. 4 shows the proposed discrete feedforward slidingmode control scheme. Since the reference signal in our application is given in advance, a feedforward controller is added to improve the tracking performance of the PWM inverter. The analysis of the proposed control scheme will be presented in the following subsections.
DISCRETE FEEDFORWARD SLIDING MODE CONTROL
A. Feedforward Controller
Consider the PWM inverter system (4), which can be written as where
The control force is composed of two parts: a feedforward control force ( u f ) and a sliding-mode control force (us). The reference command of U, and i~ are given as U,* and iT;. Since U: and iT; should also satisfy (3, we have Here, we have assumed that the system (5) is free of disturbance (i.e., id = 0) and uf can then be derived from (6) by eliminating iT; as
-( 4 1 2 4 2 1 -4 1 1 4 2 2 ) U ; ( k -1)
-( 4 1 2 7 2 -4 2 2 7 1 ) U f ( k -I)]. In fact, (6) is merely the inverse dynamics of (5) with load disturbance being disregarded. To ensure the stability of the inverse dynamics, we have assumed that the original system (5) is of minimum phase. That is, all the poles and zeros of (5) must fall within the unit circle of z-plane. By subtracting (6) from (5), we get the error dynamics as
where
Since the desired state of el and e2 are both zero, the original problem of tracking a specific function has been reduced to the problem of regulating all the states to zero at this stage. It follows from (5) and (8) that the feedforward controller generates most of the control force while the sliding-mode controller only has to compensate for the error induced by load variation. The stress of the sliding-mode controller can thus be reduced due to the feedforward compensation.
The state e2 requires the command iT;, which is hard to derive explicitly. If the load is assumed to be resistive, it can be approximated as
and Re is the estimated load resistance. In practice, however, it is difficult to measure the ratio between the output voltage and the load current because of the noisy feedback signals. Therefore, we transform the system (8) into another form in which only the output voltage is sensed as feedback. 
It can be seen from (10) that only the output voltage needs to be measured as feedback after coordinate transformation.
Since the values of 4z3's are dependent on the load resistor, the system (1 1) suffers from parametric variation as the load changes. Therefore, the remaining control law U , must be designed such that the system (11) is robust against plant uncertainty. It should be noted that U , is a pseudo variable, the control force really applied to the PWM inverter is given by
0.28
The sliding-mode control strategy is adopted here to design U , so that the whole system can be robust against load variation. Since all the states of the system (11) are supposed to be driven to zero by U,, the discrete sliding-mode control theory developed for the regulation of servo systems can be used hereafter. 
C. Discrete Sliding-Mode Controller Considering Load Disturbance
The objective of the sliding-mode controller is to force the state trajectory of the controlled system to slide over a predesigned sliding curve in phase plane. Consider the system ( l l ) , which has been compensated by the proposed feedforward controller, the states z l ( k ) and z z ( k ) are to be = glzl(k) + , 9 2 z 2 ( k ) .
The so-called equibalent control law can be derived by disregarding the disturbance and setting
The vector g should be designed such that the closed-loop system controlled by ueq has all its eigenvalues inside the unit circle in z-plane except the trivial one A2 = 1. The criterion for choosing g will be described in the next subsection. Being unlike the conventional analog sliding-mode controller, the discrete sliding-mode controller is designed to satisfy the following reaching condition [ 141:
The inequality (15) shows that the properly designed discrete sliding-mode control law will drive the state trajectory toward the sliding curve s ( k ) = 0 step by step. According to (15), the discrete sliding-mode control law can be designed as follows [13] :
The feedback gains cp1 and cpz are determined as follows 1131:
where r 2
The switching gains defined in (17) are somewhat different from those proposed in 1131. The last term of 6, is used to deal with the disturbance incurred by load variation. If 2 = 0, the control law degenerates into that proposed by 1131. The factor cpo must be chosen such that 0 < p < 1. To make sure that the control law (17) 
It can be seen from (21) that the condition (18) may be violated when the state trajectory get close to the sliding curve s ( k ) = 0. This may cause the state trajectory to depart away from that curve. However, since d is bounded in practice, the inequality (21) will be eventually satisfied and the slidingmode controller works again as the state trajectory is far enough from the sliding curve. Finally, the state trajectory will be kept within a circle around the origin of the phase plane. The higher the amplitude of the load disturbance is, the larger the radius of the circle is. Fig. 5 illustrates the block diagram representation of the PWM inverter system controlled by the proposed DFSMC scheme.
D. Selection of Sliding Curve
In this subsection, the sliding curve of the discrete slidingmode controller is designed through the technique of optimization with quadratic cost function. Consider the following system: which is almost the same as (11) except that the disturbance is disregarded. To facilitate further analysis, a transformation is defined as
where M is an invertible matrix with the following property:
With this transformation, the system (22) can be converted into the following canonical form: The sliding curve after transformation becomes
From the first equation of (25), we have
The equations (26) and (27) constitute the dynamics of the controlled system subject to the sliding curve. We can view (27) as another new system with state tu1 ( k ) and pseudo input w~( k ) .
The cost function for optimization is selected as trajectory reaches the curve s ( k ) = 0. It follows from the model of the PWM inverter system can be derived as optimal control theory [I81 that the pseudo input should have the following form:
0.1289
The ESR of the capacitor has been neglected for the ease of design.
A. Feedfonvard Controller
Disregarding the load disturbance in (34), the PWM inverter system has all its poles and zeros inside the unit circle of z-plane. The feedforward controller can thus be designed as and p satisfies the so-called discrete-time Riccati equation w 2 ( k ) = -7 w 1 ( k ) .
2
Comparing (29) with (3 I), we have n.
With this feedforward controller, the system (34) becomes
If we set g2 = 1, then ijl = n. 
Owing to the inherent properties of the optimal criterion, the designed sliding curve (33) cannot only achieve better performance than the other solutions but also assure the stability of the PWM inverter system concerned.
The reference command of the output voltage is chosen as a 60-HZ sinusoidal wave with rms value equal to 110 V
1V. ILLUSTRATIVE EXAMPLE AND EXPERIMENTS
v : (~c )
The relevant parameters of the experimental system are listed in Table I . The resonant frequency of the LC filter where T is the sampling period and is 100 ps in this case.
is 846.9 Hz. Referring to the rule described in (3) and the computation speed of DSP TMS320C14, we choose the sampling rate of the digital controller as 10 kHz. According to (1)-(4) and the parameters listed in Table I , the discrete-time
B. Coordinate
The system (36) 
The variable U , is defined as
The system (38) thus becomes
The sliding-mode control force really applied to the PWM inverter is then given by
C. Discrete Sliding-Mode Controller
To design the sliding curve, the cost function for optimization is chosen as follows:
where uil and w2 are defined in (23) According to the dynamics of the PWM inverter (40) and the procedure described in the last section, the optimal sliding curve is designed as (44) With this sliding curve, the eigenvalues of the closed-loop system when the state is sliding on the curve are thus put at 0.382 and 1. The latter is a trivial solution due to the sliding motion. The corresponding discrete sliding-mode controller is designed through (16) and (17), and its relevant parameters are listed in Table 11 . Fig. 6(a) shows the simulation results of the output voltage and load current under phase-controlled load. The output voltage is robust against load variation and does follow the reference command with tolerable tracking error. Fig. 6(b) depicts the value of the sliding function s ( k ) . Fig. 6(c) illustrates both the feedforward and the sliding-mode control forces. The latter works only when the load deviates from its nominal value. Fig. 6(d) shows the state trajectory of the controlled PWM inverter system. It can be seen from the result that the designed sliding-mode controller can drive the state trajectory toward the sliding curve after load transition. The trajectory does reach the designed sliding curve and then approaches the origin along that curve. At last, the trajectory is confined within a circle around the origin. This verifies our explanation about the bound on load disturbance. Fig. 7(a) shows the output voltage of the same PWM inverter (10 Hz) by using the method proposed in [16] . The waveform is more oscillatory than the one shown in Fig. 6 . Fig. 7(b) illustrates a comparison between the DFSMC scheme proposed in this paper and the DSMC scheme reported in [16] . The figure depicts the harmonic distortion of the output voltage at different frequencies under rated resistive load. The result indicates that the proposed DFSMC scheme has better steady state characteristics than the DSMC scheme.
D. Simulation Results
E. Experimental Results
A 1-kVA PWM inverter based on IGBT (GT25Q101) was implemented to verify the proposed DFSMC scheme. Fig. 8 shows the hardware architecture of the experimental setting. A high-speed digital signal processor TMS320C 14, produced by Texas Instruments Inc., is used as the digital controller. The reference signal is a sampled sinusoidal wave stored in the program memory. Since TMS320C14 is capable of generating PWM signal, no extra modulation circuit is included in the constructed system. The switching frequency of the PWM gating signal is 20 kHz, and 10 bits of PWM resolution can be obtained at this frequency. The DSP controls the switches of the PWM inverter directly so that the output voltage can track the reference command at every sampling instant. The sampling action is realized through software interrupt that is generated by a built-in programmable timer every 100 ps. Fig. 9(a) shows the experimental results of the output voltage and load current under resistive load variation. The output voltage can still track the reference command in an asymptotic manner after load transition. The resemblance between the simulation and the experiment verifies the theoretical analysis of the proposed DFSMC scheme. Fig. 9(b) depicts the experimental results under rectifier load. It can be seen from these results that the proposed DFSMC scheme can still work even under rough load condition.
V. CONCLUSION In this paper, a discrete feedforward sliding-mode control scheme is developed for the closed-loop regulation of the PWM inverter used in an UPS. The proposed scheme combines a linear feedforward controller with a nonlinear sliding-mode controller. The feedforward controller generates most of the control force while the sliding-mode controller only compensates the output voltage for the error incurred by load variation. Moreover, we also propose a coordinate transformation such that only the output voltage of the PWM inverter needs to be measured as feedback. The sliding curve of the slidingmode controller is designed through optimal criterion so that the behavior of the controlled PWM inverter is optimized with respect to the selected cost function. In addition, the effect of load disturbance has been taken into the design consideration of the sliding-mode controller. A DSP-based digital-controlled PWM inverter prototype has been constructed and tested. A high-performance DSP TMS320C14 is adopted as the main processor. The experimental results show good agreement with the theoretical analysis done in this paper. Since the feedforward controller works mildly in steady state and the sliding-mode controller is robust against load variation, the output voltage of the controlled PWM inverter is much more smooth than that reported in the previous study while the same robustness can still be achieved.
